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Basic Transformations: Translation

» translating a point from position P to
position P’ with translation vector T

A P!
X' =x+t, y'=y+ty

P T
. P'=P+T
. X 4 X’ tX
notation: P = ,P= |, T=
y y ty
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Basic Transformations: Translation

= rigid body transformation

4+ object transformed by transforming
boundary points

v
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Basic Transformations: Rotation

m rotation of an A
object by an
angle 6 around
the pivot point
(Xp> V)

Ye T

v
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Basic Transformations: Rotation

= positive angle = ccw rotation

X =1-COS( y = 1-sin X',y
: D 9
X" =r-cos(¢p + 0)

= 1-c0S(-c0sO — r-sin¢-sinO

= x -cosO— y -sin0 o\ T
y =rsin(¢ + 0) m

= r-cos¢-sin@ + r-sin¢-cosO

X =x-c0s0—y-sinH
y =x-sin@+y-cos 0O
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Basic Transformations: Rotation

m formulation with a transformation matrix

X "=x-cos0—y-sin6
y =x-sin®+y-cosH

, , cos® —sin©O
P =R-P with R=

sin® cos©
- romesn) 3" ssmarsoso
sin® cos0/ \y xsin 6+ ycos 0
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Basic Transformations: Scaling

P'=S.P P

example: a line scaled using ,
s,=s,=0.33 is reduced in size _|Z-~ .
and moved closer to the
coordinate origin
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Basic Transformations: Scaling
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Transformation Matrices TU
= scaling (X,):(Sx Oj.(xj
y, 0 s/)\y
= rotation (X’j _ (cos 0 —sin Oj.(xj
y sin® cos 6/ \y

= x-mirroring (X'j: 1 0 (xj
y) \0 =1J\y

= translation C
) (®'Y) =+t yFty) . ?
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Homogeneous Coordinates (1)

. X Xh :
instead of use |y, | withx=x,/h,y=y,/h
M h

X
very often h=1, i.e. [y]
1

in this way all transformations can be
formulated in matrix form
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Homogeneous Coordinates (2)

translation (x) (1
y 0
1) (o

rotation x cosO —sin® 0
y sin@ cos® 0|y P’:R(e).P
1

t
t

] [;} P =T(t,,t,) P

=R )

1
m scaling X\ (s 0
y|=[0 s, Of y P'=S(s,,s,)"P
1) o o 1
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Inverse Matrices TU
. -1
= translation T (t.,t,)=T(-t,—t)
= rotation R'(0) = R(—9)
= scaling S7(s,,8,)=S(1/s,,1/5,)
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Composite Transformations (1)

n transformations are applied after each
other on a point P, these transformations
are represented by matrices M, M,, ... M
P’=M,P
P’ =M,.P’

n*

PO — M, .P (=D

shorter: P™=(M,....(M,(M;-P)) ...)

Werner Purgathofer 14 #

Composite Transformations (2)

PO = (M, ... Mp(M,P))...)

matrix multiplications are associative:
M; - M,) -M; =M, - (M, - My)

(but not commutative: M;-M, #M,-M, )
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Transformations are not commutative!

Reversing the order in which a sequence of
transformations is performed may affect the
transformed position of an object.

In (a), an object is first translated, then rotated.
In (b), the object is rotated first, then translated.

1% . L\ |
Final Final
Position Paosition
/\\
4 3 ~ ¢ N g
i [—— ! | i 4 I
I i y t I i ' i
[ e bnal S
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Composite Transformations (2)

PO = (M, ... Mp(M,P))...)

matrix multiplications are associative:
M; - M,) -M; =M, - (M, - My)

(but not commutative: M;-M, #M,-M, )

therefore the total transformation can also
be written as: P® =(
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Composite Transformations (3)

simple composite transformations

= composite translations
T(txzatyz) T (txlatyl) =T, + sty T ty2)
= composite rotations
R(6,)-R(6,)=R(6,+6,)
= composite scaling
S(szasyz)'s(sxlosyl) = S(Sy "Sx25Sy 'Syz)
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Composite Transformations (4)

m general pivot-point rotation

T(X, ¥ ) R(O) T(X,7Y) = R(X,, Y, 0)

‘Xﬂ : *

original translation of rotation translation
position and object so that about so that the
pivot point pivot point is origin pivot point
at origin Is returned
Werner Purgathofer 19 #
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Composite Transformations (5)

= general fixed-point scaling
T(Xfa Yf) ) S(Sx9 Sy) .T(_Xf 9_Yf) = S(Xfa Yo Sxa Sy

‘
g (X:Ys) %& ?( (Xf\’Yf)

original translate scale object  translate so
positionand  object so that with respect that the fixed
fixed point fixed pointis  to origin point is

at origin returned
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Composite Transformations (6)

m general scaling directions
R™(0)"S(5,5,)"R(0)

O,
(2,2)
0,12
U
I I
original after 45° after (1,2) after - 45 °
position rotation scaling rotation back
Werner Purgathofer 21
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Example TU

translate by (3,4), then rotate by 45° and then
scale up by factor 2 in x-direction

103
1.M;=TGB4)=|01 4
001

cos 45 —sin45 0
2. M, =R(45°)=|sin45 cos45 0

0 0 1
200
3.M;=8(2,)=10 1 0 M=M, M, M,
001
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Example TU

translate by (3,4), then rotate by 45° and then
scale up by factor 2 in x-direction

M=M,;-M,-M, =

2 0 0) (cosd45 —sin45 0\ (1 0 3
=10 1 O0f|smn45 cos45 O]'[O 1 4J=
001 O 0 ) \0 0 1
2 0 0) (cos45 —sin45 3cos 45 —4sin 45
=10 1 0f||smn45 cos45 3sin45+4cos 45] =
001)L O 0 1

sin45 cos45 3sin 45+ 4cos 45

[ZCos 45 —2sin 45 6¢o0s 45 — 8sin 45}
0 0 1 ¥

Werner Purgathofer
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Reflection TU

about y-axis: about x-axis: Rf = (1 0 0)
Lo 0 -1 0
Rf=0 1 0 ,, SRCRE Y
0 0 1 AN
y ! X Original
! v Position
¥ \
Original Reflected 3
Paosition Position
2’\. 2
R |
| - 3
T i ) g
3" 3’ Reflected
Position
X 24 #
Example TU

reflection about the axis with angle o

A

Werner Purgathofer 25 #
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Example

reflection about the axis with angle o
A

1. rotation by —a
2. mirroring about x-axis
3. rotation by +a

A A

Example
reflection about the axis with angle o

cos(—o) —sin(—a) 0
1. M; =R(-a) = | sin(-0t) cos(-c) 0
0 0 1

100

2.M,=S5(1,-1)= [o -1 ()J
001

coso. —sino. 0

3. M;=R(a) = [sinoc coSsoL O}

0 0 1

PP=M;-(M,-(M;-P))=(M;-M, -M,)-P

Werner Purgathofer
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Example

reflection about the axis with angle o

M; M, -M, =

0-10
001

—

=|sina. cosa 0
L0 0 1

=| sina. —coso. 0
0 0 1

0

S—

. YT .
cosa. sinat  O) [cosoc sino. O]

sin(—a) cos(—a) 0| =
0 0 1

cosa —sina, 0 [1 0 O] [cos(—oc) —sin(—a.) O]

—sina. cosa. Of =

0 1

—

2 1112 ;
CcOs*0—SsIn“c,  2SINOLCOSOL

. 0 0

0
= | 2sinocoso,  sino—cosZo 0| =

sin2o. —cos2a 0

[cosZoc sin2a. 0]
0 0 1

1

reflection about origin
Rfs (=R(180°)) =

-1 0 0
0 -1 0
0o 0 1

Werner Purgathofer 29

Reflected
Position

W

Criginal

Position #
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Reflection with respect to a general line

reflection with respect to the line y=mx+b
T(0,b) - R(©) - S(1,-1) - R(-06) - T(0,—b)
m = tan(0)

Werner Purgathofer

: #

m X-direction shear 1 sh, 0
¢ along x-axis 0 1
¢ reference line y=0 0 0 1
y y

(sh,,1) (sh+1,1)

(0,0) (1,00 X (0,0) (1,00 X

Werner Purgathofer 31 ﬁ
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Other Transformations: Shear (2)

= general x-direction shear 1 sh, —shy,

¢ along x-axis 0 1 0
¢ reference line y=y, 0 0 1
y y

Werner Purgathofer

Other Transformations: Shear (3)

= general y-direction shear 1 0 0
¢ along y-axis shy 1 —sh X
¢ reference line X=X, 1

"5

Werner Purgathofer
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Transf. between Coordinate Systems TU

y axis | Mxyaxly! = R(—G) ) T(_XO ' YO)

ot -
| Tt ]
| g ? A Cartesian x’y’ system
vo 1 2N positioned at (X,,y,) With
orientation #in an xy Cartesian
: — system
0 X, X axis

Position of the reference frames
after translating the origin of the
X"y’ system to the coordinate
origin of the xy system

I
I
I
b \
! |
} |
X #
Pox X axis 34 .

Affine Transformations
%=amx+awy+m

,_
y =a,x+a,yth,

m collinear = points on a line stay on a line
m parallel lines = parallel lines
= ratios of distances along a line are preserved
= finite points = finite points
m any affine transformation is combination of
translation, rotation, scaling, (reflection, shear)

= translation, rotation, reflection only:

4 angle, length preserving

Werner Purgathofer 35 ﬁ
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3D Transformations TU

= all concepts can be extended to 3D in a
straight forward way

+ projections 3D - 2D

Werner Purgathofer 36

3D Translation (1)

= translation vector (t,, ty, t,)
X = xtt,, y'= yt+t, 7= zt+t,

-

X 1 0 0 ¢tf|x yaxis | (x* v, 2')
Y| |0 10 ¢f]y .
Z| |0 0 1 t|]|z /
_1_ _0 0 0 1_ _1_ {xr ¥: ir.-. / T = {tﬂ."’ f},r
P'=T(tx9ty9tz).P ‘I/E/?; X

Werner Purgathofer 37

t,)

#
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3D Translation (2) TU

= objects translated by translating boundary
points
= inverse:

T_l (tx 9 ty 9 tz) = T(_tx ’_ty ,_tz )

Werner Purgathofer 38 #

3D Rotation: Angle Orientation

= rotation axis
m positive angle = counterclockwise rotation

y
‘lﬂ *!l
_a Y IV
Z
e
39 ﬂ'

Werner Purgathofer
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Weri

X = xcos 0— ysin©
y = xsin0+ ycos 0

[cosO —sin® 0 0]

X
sin@ cos6 0 0 1y
0 0 10|z
0 0 0 1]|1

P'=R,(0)'P

(1 0 0 0f/[x]
0 cos® —sin6 0| |y
0 sin® cosO 0] |z
0 0 0 1] |1]

P'=R,(0) P

21



[ cosO 0 sinO 0]

—sin® 0 cosO 0
0 0 0 1]

0 1 0 0|

original
object
position

2. rotate
object

through
angle 0

y
1.translate
rotation
axis onto
x-axis: T

3.translate

rotation

axis to R

original -~ Otay;,
position: T ~ <2 Axjg

22



3D Rotation around Arbitrary Axis TU

an axis of rotation (dashed line) defined with
points P, and P,. The direction of the unit axis
vector u determines the rotation direction.

P,—P
u=_*—1=(a,b,¢c)
'Pz o P1‘
Werner Purgathofer 44 ﬁ
3D Rotation around Arbitrary Axis T
y y

X X
1. translate Z K 2. rotate u

z
P, to origin onto z-axis,
y y y /
/ ”
P1'
X X / X
Z V4 V4 /
3. rotate object 4. rotate axis to 5. translate axis to
around z-axis original orientation original position

23



3D Rotation around Arbitrary Axis

m step 1: translation T(-x4,-y{,-2)

(100 —x|
010 —y
y T(—x —v. —7)= !

(=X,—¥1,—%) 001 —z

000 1]
u
X /==
Z J

|

3D Rotation around Arbitrary Axis TU

X X
1. translate Z K 2. rotate u

z
P, to origin onto z-axis,
y y y /
/ ”
P1'
X X / X
Z V4 V4 /
3. rotate object 4. rotate axis to 5. translate axis to
around z-axis original orientation original position

24



3D Rotation around Arbitrary Axis

m step 2: rotation so that u coincides with
z-axis (done with two rotations)

¢ R,(a): u > xz-plane
¢ R/(B): u — z-axis

3D Rotation around Arbitrary Axis

NIV E RN
u'=(0,b,c) cos o= c/d y 0]
Ra p| Y
’ 10
Z Y 1
X [ | =

et - (a,O,d)

49




3D Rotation around Arbitrary Axis

N

1
initial position
y

3. rotate object
around z-axis

X
1. translate

P, to origin
y

z

4. rotate axis to
original orientation

m step 2b: cos B =d
Il’ :(O,b,C) S|n B = -a _d O —a 0_
u = a’ 9 =
y P a0 do
<dﬂi? : X _O 0 0 1
UZ = f\ﬂ Vo
(0,0,1) — X / |/ —>
Z u" —_ (a,o,d) ) v /
3D Rotation around Arbitrary Axis TU

| v/

X
Z ) 2.rotate u

onto z-axis
/
y /
u
P1'
/ X
Z 1

5. translate axis to
original position

26



3D Rotation around Arbitrary Axis

m step 3:
¢ u aligned with z-axis

4 rotation around z-axis [cos® —sin® 0 0]
sin® cos6 0 O
0)=
R.C) 0 0O 10
0 0 0 1]
[
) /

1. translate
P, to origin

|n|t|al posmon

e

4. rotate axis to
original orientation

3. rotate object
around z-axis

J rotate u

onto z- aXIS

y /
u
P 1
1: X
Z /

5. translate axis to
original position

27



3D Rotation around Arbitrary Axis

\ O\

steps: 5 4a 4b

step 4: undo rotations of step 2
step 5: undo translation of step 1

R(0) =T'(P)) R, M) Ry M(B) R, (0) R (B) R (o) T(P,

3/ 2{ 2a/‘ 1/

= inverse of rotation:

R, () =R (-0)=R, (6)

Werner Purgathofer
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doubling the size of
an object also moves
the object farther
from the origin

Y
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3D Scaling with other Fixed Point

T(Xp, Yr> Zp) S(sy, Sy, 5,)" T(=Xp, ~¥Yr ~2Zp)

(XFa YFa ZF) i

/\
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3D Scaling with other Fixed Point

T(Xp, Yr> Zp) S(sy, Sy, s,)" T(=Xp, ~¥Yp ~2Zp)

(XFa YFa ZF) o

(0,0, 0)

Werner Purgathofer 57 ﬁ
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3D Scaling with other Fixed Point

T(Xp, Yr> Z§)*S(8y, Sy, 8,) T(—Xp, —Yp, —Zp)

(XFa YFa ZF) o

(0,0, 0)

Werner Purgathofer 58 *

3D Scaling with other Fixed Point

ke

T(XFa YFa ZF) S(S)p y? Sz) T( XF’ YF7

s, 0 0 (1-s)x;]
0 s, 0 (I-s,))ys
0 0 s, (1-s,)z
0 0 0 1]
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3D Reflection TU

m reflection with respect to
4 point
4 line (180° rotation)
¢ plane, e.g., xy-plane: RF,

(10 00|

P(a b, c)
01 00

) RF, =
J//f a 00-10
P(a,b,c)

. " 00 O 1]
Wirnerpurg:ao:ection relative to >:Oy-plane #
3D Shear TU

(10a0]
01bo0
SH,=
0010
000 1]
o : |
Werner Purgathofer 61 #

example: shear relative to
z-axis with a=b=1
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